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Depots Customers

Research background

qTransportation Problem
ØDefinition

§ Design the optimal routes for 
a fleet of vehicles, to serve 
the customers.

ØApplications
§ Package delivery, and taxi 

operation

Vehicle routing problem
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Depots Customers

Research background

qVehicle routing problem 
(VRP)[1]

ØObjective
§ Usage cost, travel time

ØConstraint
§ Vehicle flow

§ Time window

§ Others

𝑥!"# ∈ {0,1}

!
!∈𝒦

!
$∈𝒱

!
&∈𝒱

𝑐$ +𝜔'𝑇$& 𝑥$&!

!
&∈𝒱

𝑥$&! −!
&∈𝒱

𝑥&$! = 0

𝑡&( ≤ 𝑡& ≤ 𝑡&)

[1] Toth, Paolo, and Daniele Vigo. Vehicle routing: problems, methods, and applications. SIAM, 2014.

High computational 
complexity!
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Integer 
programming
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Research background

qElectric vehicle
ØLower emissions
ØReduced dependence 

on fossil resources
qLimitations

ØRange anxiety
ØLong charging time

Vehicle routing 
problem

Electric vehicle routing 
problem
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𝐸&! =!
$∈𝒱

𝐸$! + 𝑟$! − 𝑒$& 𝑥$&!

0 ≤ 𝐸&! ≤ /𝐸

Depots Customers

Research background

qElectric vehicle routing 
problem (EVRP)
ØVRP + charging scheduling
ØObjective

§ Usage cost, travel time
§ Charging time, charging cost

ØConstraint
§ Vehicle flow
§ Time window
§ SoC 

𝑥!"# ∈ {0,1}
𝑟$!

Charging 
station

!
!∈𝒦

!
$∈𝒱

!
&∈𝒱

𝑟$!𝑝$ +𝜔'𝑟$!𝑔$ 𝑥$&!

Mixed Integer 
Programming 

Problem
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Research background

qLiterature review
ØExact algorithms

§ Branch and bound method (TITS’18)
§ Branch, cut and price method (IJPR’22, TS22 )
§ Solver-based method  (TSG’18, TVT’20 )

ØApproximate approaches
§ Dual decomposition (TSG’18, TVT’20 )
§ ADMM (TSG’18, TVT’20 )

ØHeuristics methods
§ Variable neighborhood search (TSG’18, TVT’20 )
§ Genetic algorithm (TSG’18, TVT’20 )
§ Deep reinforcement learning method (TSG’18, 

TVT’20 )

Subotimal

High computation 
complexity

Suboptimal,
high computation 

complexity
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Research background

qMotivation
ØLarge-sized electric vehicle routing problem

§ The compuataion time of large-sized EVRP, is quite long!
§ The online EVRP requires a computation-efficient algorithm!

ØCollaborative scheduling of electric vehicle fleet and 
customers 
§ Fixed pickup time of customers reduces the efficiency of electric 

transportation system.
§ To characterize the collaborative scheduling problem, how to 

formulate a suitable mathematical model?
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Depots Customers

𝑥$&! ∈ {0,1}
𝑟$!

Charging 
station

qMathematical model (MIP)
ØObjective function

ØConstraints 
§ Vehicle flow

EV routing problem 

min
*!"
# ,,!

#	
!
!∈𝒦

!
$∈𝒱

!
&∈𝒱

𝑐$ +𝜔'𝑇$&
+𝑟$!𝑝$ +𝜔'𝑟$!𝑔$

𝑥$&!

!
&∈𝒱

𝑥$&! −!
&∈𝒱

𝑥&$! = 𝑏$, 𝑏.$

= 1, 𝑏.% = −1, 𝑏$ = 0,

Operation cost = usage cost +travel time        
+ charging cost
+charging time 

Starting from the start depot, after visiting the 
customers, return to the end depot
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qMathematical model (MIP)
ØConstraints

§ Visiting constriant 

§ Visiting time

§ SoC of EV 

EV routing problem 

𝐸&! =!
$∈𝒱

𝐸$! + 𝑟$! − 𝑒$& 𝑥$&! ,

0 ≤ 𝐸&! ≤ /𝐸.

𝑡& ≥ 𝑇$& + 𝑔$𝑟$! + 𝑡$ 𝑥$&! ,

!
!∈𝒦

!
&∈𝒱

𝑥$&! ≤ 1, Customer cannot be visited by more 
than one EV

The visiting time of customers

The state of charge of EV
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qMathematical model (MIP)

EV routing problem 

min
*!"
#∈𝔹,,!

#	∈ℝ
!
!∈𝒦

!
$∈𝒱

!
&∈𝒱

𝑐$ +𝜔'𝑇$& + 𝑟$!𝑝$ +𝜔'𝑟$!𝑔$ 𝑥$&!

!
&∈𝒱

𝑥$&! −!
&∈𝒱

𝑥&$! = 𝑏$, ∀𝑖 ∈ 𝒱, 𝑘 ∈ 𝒦, 𝑏.$ = 1, 𝑏.% = −1, 𝑏$ = 0

!
!∈𝒦

!
&∈𝒱

𝑥$&! ≤ 1, ∀𝑖 ∈ ℛ

𝑡& ≥ 𝑇$& + 𝑔$𝑟$! + 𝑡$ 𝑥$&! , ∀𝑖 ∈ 𝒱 ∖ 𝑣1, 𝑗 ∈ 𝒱 ∖ 𝑣2, 𝑘 ∈ 𝒦

𝐸&! =!
$∈𝒱

𝐸$! + 𝑟$! − 𝑒$& 𝑥$&! , ∀j ∈ 𝒱 ∖ 𝑣2, k ∈ 𝒦,

0 ≤ 𝐸&! ≤ /𝐸, ∀j ∈ 𝒱 ∖ 𝑣2, k ∈ 𝒦.

s.t.

Primal 
problem

Routing 
problem

Elimination of 
bilinear terms

Exact LP relaxation

Charging 
scheduling

Integer solution from 
the routing problem
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qMathematical model (MIP)

EV routing problem 

min
*!"
#∈𝔹,,!

#	∈ℝ
!
!∈𝒦

!
$∈𝒱

!
&∈𝒱

𝑐$ +𝜔'𝑇$& + 𝑟$!𝑝$ +𝜔'𝑟$!𝑔$ 𝑥$&!

!
&∈𝒱

𝑥$&! −!
&∈𝒱

𝑥&$! = 𝑏$, ∀𝑖 ∈ 𝒱, 𝑘 ∈ 𝒦, 𝑏.$ = 1, 𝑏.% = −1, 𝑏$ = 0

!
!∈𝒦

!
&∈𝒱

𝑥$&! ≤ 1, ∀𝑖 ∈ ℛ

𝑡& ≥ 𝑇$& + 𝑔$𝑟$! + 𝑡$ 𝑥$&! , ∀𝑖 ∈ 𝒱 ∖ 𝑣1, 𝑗 ∈ 𝒱 ∖ 𝑣2, 𝑘 ∈ 𝒦

𝐸&! =!
$∈𝒱

𝐸$! + 𝑟$! − 𝑒$& 𝑥$&! , ∀j ∈ 𝒱 ∖ 𝑣2, k ∈ 𝒦,

s.t.

Primal 
problem

Routing 
problem

Elimination of 
bilinear terms

Exact LP relaxation

Charging 
scheduling

Integer solution from 
the routing problem

Theorem 1 (Dimension reduction)
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qTwo stage method 
(Routing problem)
ØElimination of bilinear 

terms
§ Eliminating bilinear term 𝑟!𝑥!" (𝑟! is 

replaced with 𝑒!" )

ØExact LP relaxation
§ Vehicle flow constraints. are totally 

unimodular, satisfying sufficient 
condition of exact LP relaxation

§ Time constraint does not break LP 
relaxation exactness

EV routing problem 

min
*!"∈{4,2}

!
!∈𝒦

!
$∈𝒱

!
&∈𝒱

𝑐$ +𝜔'𝑇$& 𝑥$&

!
&∈𝒱

𝑥$& −!
&∈𝒱

𝑥$& = 𝑏$, ∀𝑖 ∈ 𝒱,

             𝑏.$ = 1, 𝑏.% = −1, 𝑏$ = 0

!
!∈𝒦

!
&∈𝒱

𝑥$& ≤ 1, ∀𝑖 ∈ ℛ

𝑡& ≥ 𝑇$& + 𝑡$ + 𝑔$𝑟$ 𝑥$&, ∀𝑖 ∈ 𝒱 ∖ 𝑣1,
𝑗 ∈ 𝒱 ∖ 𝑣2

s.t.

IP LP

Primal 
problem

Routing 
problem

Elimination of 
bilinear terms

Exact LP relaxation

Charging 
scheduling

Integer solution from 
the routing problem
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qTwo stage method (Charging scheduling)
ØGiven 𝒙𝒊𝒋 , obtain the path 𝑷𝒌 for each EV

EV routing problem 

Primal 
problem

Routing 
problem

Elimination of 
bilinear terms

Exact LP relaxation

Charging 
scheduling

Integer solution from 
the routing problem

The charging scheduling 
problem is a LP problem

min
,!∈6,$∈7#

𝜔'!
$∈7#

𝑟$𝑔$ + !
$∈7#

𝑟$𝑝$

s.t. 𝐸& = 𝐸$ + 𝑟$ − 𝑒$&, ∀𝑗 ∈ 𝑃! ∖ 𝑣2
0 ≤ 𝐸&! ≤ /𝐸

How to get a better 
solution?
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qIterative two stage 
method

EV routing problem 

qPerformance 
guarantee
ØTwo stage method

§ Both routing and charging 
problem are LP problems, 
which reduces the 
computation time

ØIterative method
§ Converge in finite 

iterations
ØOptimality gap

ØComputation time
𝐶'() ≤ 𝐶(*) ≤ 𝐶+*)

𝑇'() ≫ 𝑇(*) ≥ 𝑇+*)N

Y

Start

Set the initial charged energy as 0, 𝒓𝒊 = 0

Solve the LP-based routing problem

Solve the LP-based charging problem

Any customer 
violates the visiting 

time?

Set the charged energy of 
customers with the violated 
visiting time, 𝒓𝒊 = 𝒆𝒊𝒋

End
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qSimulation results
ØComparison between TLP, and ILP
ØLarge-sized problem

EV routing problem 

The computation time of ILP 0.1 s
The computation time of TLP 0.05 s

The optimality gap of ILP lower than 10%
The optimality gap of TLP lower than 20%

50 100 150 200 250 300 350

10-1

100

101

350 nodes and 
35 EVs solved 
in 10 seconds

[2] C. Yao, S. Chen and Z. Yang, "Joint Routing and Charging Problem of Multiple Electric Vehicles: A Fast Optimization Algorithm," in IEEE
Transactions on Intelligent Transportation Systems, vol. 23, no. 7, pp. 8184-8193, July 2022.
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qOnline routing problem
ØReal-time generated customers
ØThe uncertain charging prices

Online EV routing problem 

Planning horizon

time

Rolling horizon 
framework

Depot Customers Charging 
nodes

1st time 
slot

2nd time 
slot

Online 
EVRP Multidepot routing

Rolling 
horizon

planning
time
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qOnline routing problem
ØReal-time generated customers
ØThe uncertain charging prices

Online EV routing problem 

Planning horizon

time

Rolling horizon 
framework

Depot Customers Charging 
nodes

2nd time 
slot

Online 
EVRP Multidepot routing

Rolling 
horizon

planning
time

Challenges: Multi-depot 
routing problem
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qMulti-depot routing problem
ØThe equivalent transformation rule 

§ The road selection variable and travel time of virtual roads are set as 
1,0, respectively.

§ The energy consumption of virtual roads is set as the difference 
between the battery capacity and current SoC of EV.  

Online EV routing problem 

Homogenous EV at the virtual depot
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qSimulation results
ØEvaluation of the simulated competitive ratio

Online EV routing problem 

The number of customers at the initial time slot

S
im

ul
at

ed
 c

om
pe

tit
iv

e 
ra

tio

The SCR of ILP is lower than 1.2, demonstrating 
that the ILP works well in online routing problem

[3] C. Yao, S. Chen and Z. Yang, "Online Distributed Routing Problem of Electric Vehicles," in IEEE Transactions on Intelligent Transportation 
Systems, vol. 23, no. 9, pp. 16330-16341, Sept. 2022.
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qTime flexibility

EVRP with time flexibility 

Depots Customers Charging node

9:30

120 min

11:0011:30

90 min8:00

How to determine the flexible visit 
time of the 2nd customer?
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qMathematical model of the fleet operator
ØObjective function

ØConstraint
§ SoC
§ Vehicle flow
§ Visit time
§ Flexible time window

EVRP with time flexibility 

𝑡&( ≤ 𝑡& ≤ 𝑡&( + 𝛿&, ∀𝑗 ∈ ℛ.

min
*!"
#∈𝔹,,!

#,8",9"∈ℝ
!
$∈𝒞

!
;∈<

𝑝$;𝐵$;Δτ
𝑔$

+ !
!∈𝒦

!
$∈𝒱

!
&∈𝒱

𝑐$ +𝜔'𝑇$& +𝜔'𝑟$!𝑔$ 𝑥$&!

+∑&∈ℛ 𝑞&δ&∗∑$∈𝒱∑!∈𝒦 𝑥$&!

Operation cost of the fleet + 
delivery fee discount
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qMathematical model of 
customers

qThe joint model of the 
fleet and customers

EVRP with time flexibility 

s.t. δ&∗ ∈ argmin?"
{ ℐ δ& − 𝑞&δ&, 0 ≤ δ& ≤ Tδ&},

∀𝑗 ∈ ℛ, How to solve the joint optimization 
problem?

min
?"∈ℝ

ℐ δ& − 𝑞&δ& ,

s.t. 0 ≤ δ& ≤ Tδ&

Minimize the inconvenience cost + 
maximize the discount of delivery fee 

min
@

!
$∈𝒞

!
;∈<

𝑝$;𝐵$;Δτ
𝑔$

+ !
!∈𝒦

!
$∈𝒱

!
&∈𝒱

𝑐$ +ω'𝑇$& +ω'𝑟$!𝑔$ 𝑥$&!

+!
&∈ℛ

𝑞&δ&∗!
$∈𝒱

!
!∈𝒦

𝑥$&!
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KKT 
optimality 
condition

qThe equivalent reformulation method
ØKKT optimality condition

ØLinearization of nonlinear terms

EVRP with time flexibility 

∇ℐ 𝛿& − 𝑞& − 𝜎& + 𝑢& = 0, ∀𝑗 ∈ ℛ
0 ≤ Tδ& − δ& ≤ 𝑀ψ&2, ∀𝑗 ∈ ℛ
0 ≤ 𝑢& ≤ 𝑀 1−ψ&2 , ∀𝑗 ∈ ℛ
0 ≤ δ& ≤ 𝑀ψ&A, ∀𝑗 ∈ ℛ
0 ≤ σ& ≤ 𝑀 1−ψ&A , ∀𝑗 ∈ ℛ

η$&!2 ≥ ω'𝑟$!𝑔$ −𝑀 1− 𝑥$&! , ∀𝑖 ∈ 𝒱, 𝑗 ∈ 𝒱, 𝑘 ∈ 𝒦

η&A ≥ ℐ δ& + 𝑢& Tδ& −𝜙∗ δ&∗ −𝑀 1− !
!∈𝒦

!
$∈𝒥

𝑥$&! , ∀𝑗 ∈ ℛ.

Stationary 
condition

Linearized 
complementarity 

condition

Zero duality gap of the 
lower-level problem

Bilevel optimziation 
model

Solvable single-level 
problem

Big M method,
Zero duality 

gap
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qLinearized single-level problem
ØMIP-based single-level Problem
ØSolved by commercial solver

EVRP with time flexibility 

KKT 
optimality 
condition

Bilevel optimziation 
model

Solvable single-level 
problem

Big M method,
Zero duality 

gap

min
𝒳

!
D∈𝒦

!
E∈𝒱

!
F∈𝒱

η$&!2 + η&A + ω'𝑇$& + 𝑐$ 𝑥$&!

Inconvenience function

How to design the distributed 
algorithm to protect the 
privacy of both sides?



30

qThe algorithm details

EVRP with time flexibility 

MIP based single-level problem

Integer variable 

relaxation

Generalized 
BD MP

SP

Relaxed 
MP

Variant SP

Strengthened   
GBD

Slow convergence 
rate！

Faster convergence 
rate!
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qSimulation results
ØImpact of Different Time-flexibility Levels /δ"

EVRP with time flexibility 

The operation cost becomes smaller with increasing values of $δ";

The delivery fee saving becomes lager with increasing values of $δ"

[5] C. Yao, S. Chen and Z. Yang, "Cooperative Operation of the Fleet Operator and Incentive-Aware Customers in an On-Demand Delivery System: A
Bi-Level Approach," in IEEE Internet of Things Journal, doi: 10.1109/JIOT.2023.3324047.
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qSimulation results
ØComparison results between SGBD, GBD, BCP

EVRP with time flexibility 

SGBD shows a better performance than GBD, and BCP in 
terms of the number of iterations and computation time

[6] C. Yao, S. Chen, M. Salazar and Z. Yang, "Joint Routing and Charging Problem of Electric Vehicles With Incentive-Aware Customers Considering
Spatio-Temporal Charging Prices," in IEEE Transactions on Intelligent Transportation Systems, vol. 24, no. 11, pp. 12215-12226, Nov. 2023.



33

qSimulation results
ØThe scalability of SGBD

EVRP with time flexibility 

SGBD can solve the EVRP with up to 150 nodes and 15 EVs

[6] C. Yao, S. Chen, M. Salazar and Z. Yang, "Joint Routing and Charging Problem of Electric Vehicles With Incentive-Aware Customers Considering
Spatio-Temporal Charging Prices," in IEEE Transactions on Intelligent Transportation Systems, vol. 24, no. 11, pp. 12215-12226, Nov. 2023.
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qDesign the approximate method to solve large-sized 
EVRP in polynomial time 

qDevise the rolling horizon based method to solve the 
online EVRP with the near-optimal solution 

qPropose a bilevel optimization model, to characterize the 
mathematical model of customers and the electric vehicle 
fleet

qDesign the KKT condition based equivalent reformulation 
method, and the strengthened generalized Benders 
decomposition method

Conclusion 
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